. /■ 



INTERNATIONAL 
ATOMIC ENERGY 
AGENCY 



UNITED NATIONS 
EDUCATIONAL, 
SCIENTIFIC 
AND CULTURAL 
ORGANIZATION 


IC/87/25 1 * 


1 HI . 1988 

INTERNATIONAL CENTRE FOR 

THEORETICAL PHYSICS 


HYPERKAHLEK METRICS BUILDING IN THE 1+3 REPRESENTATION 

THE TAUB-NUT CASE 

A El-Hassouni 
T. Lhallabi 
E.G. Oudrhiri-Safiani 
and 

E.H. Saidi 


1907 MIRAMARE-TRIESTE 


IC/87/25U 


International Atomic Energy Agency 
and 

United Nations Educational Scientific and Cultural Organization 
INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS 


HYPER1CAHLER METRICS BUILDING IN THE 1+3 REPRESENTATION* 
THE TAUB-NUT CASE * 


A. El-Hassouni **, T. Lhallabi ** 

International Centre for Theoretical Physics, Trieste, Italy, 

E.G. Oudrhiri-Safiani 

Laboratoire de Physique Theorique, 

Av. Battota, B.P. 1014, Rabat, Morocco 

and 

E.H. Saidi *« 

International Centre for Theoretical Physics, Trieste, Italy. 

ABSTRACT 

We construct the HST type hyperkahler N=2 supersymmetric non-linear 
o-model. We show that for Un dimensional hyperkahler manifolds, one needs 
in general n ( Kahler-like potentials. The n=l and n=2 cases are studied 
in detail. The SU(2) x U(l) Taub-Nut model in the HST hypermultiplet 
representation is discussed as an illustrating example. The corresponding 
Taub-Nut metric is worked out explicitly. Some general features of these 
models are discussed. 

MIRAMARE - TRIESTE 
September 1987 

* To be submitted for publication. 

** Permanent address: Laboratoire de Physique Theorique, Faculte des Sciences, 

Av. Battota, B.P. lOlU, Rabat, Morocco. 


1 . 


INTRODUCTION 


The construction of hyperkahler metrics are of interest from both 
the mathematical and physical points of view. The hyperkahler manifolds form 
a subset of Ricci flat manifolds for which the complex structure has been 
generalized to a quaternionic one [l],[2]. The necessary and sufficient 
conditions for the existence of such manifolds were conjectured by Calaby [3] 
and proved by Yau [U], Moreover, hyperkahler manifolds correspond to finite 
supersymmetric non-linear a-models [l],[5],[6] and hence, besides their 
relationship with the vacuum Einstein equation t?], are exact solutions to 
the superstring equations of motion at this tree level [8]. However, a 
systematic way of constructing explicit hyperkahler metrics is still an 
unsolved question. 

The introduction of the harmonic super space techniques by Galperin 
et al. [9], [10] offers a powerful method of constructing hyperkahler metrics 
by solving the auxiliary field equations of motion [ll] , [12] ,[13] *[lU] . 

These hyperkahler manifolds are Un, n = integer, dimensional manifolds which 
can be parametrized in terms of different sets of coordinates. For the n=l 
case for instance, the manifold may be parametrized either by four real 
coordinates of by two complex variables [l] • For hyperkahler metrics which 
admit an SU(2) isometry group, it is interesting to use a manifestly SU(2) 
covariant coordinate. In the complex parametrization, the two complex 
coordinates are interpreted as an SU(2) isospinor while in the real coordinate 
system, the four coordinates are put in a isosinglet and isotriplet. These 
two coordinate systems are dual to each other [9] » [15] » [l6] and allows to 
write down covariant SU(2) quantities such as the explicit hyperkahler 
metrics with SU{2) isometry group. 

In this paper we construct a class of N*=2 supersymmetric non-linear 
a-models in the 1+3 representation preserving the SU(2) automorphism 
group. We show that for Un hyperkahler manifolds, one needs in general 
n(n+l)/2 Kahler-like potentials and present a method of constructing 
explicit hyperkahler metrics having an SU(2)xG isometry group. The procedure 
is illustrated on the SU(2)xU(l) Taub-Nut metric in the 1+3 coordinate 
system. 

The presentation is as follows: 

In Sec. 2, we construct the more general class of N=2 supersymmetric 
non-linear o-models preserving the automorphism group in the 1+3 representation. 
We first examine the case of a non— renormal izable self-interacting real HST 
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hypermultiplet. We discuss the constraints equations which express the 
auxiliary fields iri terms of the N=2 on shell degrees of freedom. The bosonic 
part of the model is studied in detail together with the component field 
Lagrangian. A relation with N 3 1 Kahler geometry is pointed out. Then, we 
give the generalization of the model for more than one HST hypermultiplet 
above all models with SO(n) symmetry. The S0(2)“U(1) case is 
formulated explicitly. 

In Sec. 3, we illustrate the previous study by discussing the case 
of SU(2)xU(l) Taub-Nut metric. We show how the model can be derived from 
the requirement of the SU(2)xU(l) symmetry. Then we give in detail the 
solutions of the constraint equations and work out the corresponding 
SU( 2)xU(l) Taub-Nut hyperkahler metric in the (1+3) representations. Some 
special features of the model are pointed out. 

Sec. h is devoted to discussions and conclusion. 


2. ft TYPE SELF-COUPLINGS AND N=2 SUPERSYMMETRIC NON-LINEAR o-MODELS 

We start by recalling the free action of a real HST hypermultiplet 
ft in the harmonic superspace 


S, = 

Z. = [ 


where D + = 3 ++ -2i0 + a W 8 + 3 is the covariant harmonic derivation and ft the 

M 

HST analytic super field given by t 

-CL = uj 6 + \/I e + f- + 

-+.f57 6^6* f l — } +\T£ ■ (2 - 2) 

Each component of the 0 + expansion (2,2), may be written in a 


harmonic series as: 






t - Ul.U- ■ ■ Ur . (2.3) 


The introduction of all this tail of auxiliary fields is the price one pays 
to realize N=2 supersymmetry off-shell. 

The equation of motion reads as: 
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1> ++ *X1 


o 


(2.U) 


Equivalently in terns of the component fields of Eq.(2.2), we have: 



(2.5) 


'9 ++a F'~ = o 


and an extra set of equations carrying the space-time evolution which are 
kept off-shell. The solutions of the constraint equations (2.5) are given 

k 2 

by the N=2 on-shell degrees of freedom (0 ,1/2 ) namely: 

^ (.*« » u ) = I (*« . q) = f(*«i + uj uj 

a rix„u) = 'To,,) UT (2 -’> 

In what follows, we shall disregard the spinor fields and deal with the 
bosonic fields only. 

The generalization of the action (2.1) in terms of one real HST 
hypermultiplet to N=2 syper symmetric non-linear o-models preserving the 
SU(2) automorphism group is unique and reads as; 

= T (•>,£!) , ,2.6) 

p( X ,ft) is an arbitrary dimensionless function depending on ft and the 
dimensionfull coupling parameter X. It has in general the form 

P(x,.n) =. 1 + XR(-^,3) (2.9) 

The real superfield function P(X,ft) is comparable in some sense to the 
Kahler potential of the N=i supersymmetric theories [17], [lB] at least in 
absence of internal symmetries. When the latter is present, the weight 
p(X,ft) of Eq. (2.8) becomes a tensor of rank two (see later on). 

The equation of motion of the Lagrangian (2.8) is given by: 
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Tr^tn + (o + tnf= O 


where P,S2 = 3P/38 and the arguments of P are dropped for simplicity. 

Eq. (2.10) is a non-linear harmonic differential equation of second 
order with non-constant coefficients and therefore not easy to solve. This 
superfield equation splits into three different sets according to the canonical 
dimension c.d. of the component fields of the 0 expansion of Eq.{2.2). 

The first set ^ ) consists of the auxiliary fields of c*d 

5/2 and 3 respectively and appear therefore as Lagrange parameters leading 
to constraint equations on the harmonic series type (2.3)* These constraints 
are obtained by projecting Eq.(2.10) along the 0 =0=0 and 0 ,0 . 

One gets for the pure bosonic equation: 

. o (2 . u) 

The second set (F ,A ) consists of auxiliary fields of c*d equal to 
two and come quadratically in the component field action. They contribute 
in general to the potential of the model once they are eliminated through 
their equations of motion [ll] Jl3]. They are given by: 




IX- Q ++ oj 1 

>r+r 

l p J 

L 

r p* 

'TPs: + r 

L p j 

' L 


- k |V+ % “>J •=. O (2.13) 

The last set (u, £~) contains the propagating degrees of freedom and 
will be kept off shell. 


Now, we are in position to discuss the solutions of the constraint 
equations (2.11)-( 2.13) . The first (2.11), as well as the two others, is a 

p 

differential equation on the S sphere. It expresses the to dependence 
on the harmonic variables u~. This dependence is of course correlated to 
the form of the interaction carried by the coefficient P,u>/2p. Moreover, 
because of N-2 supersymmetry which constraints the dimensionality of the 
N =s 2 supersymmetric non-linear c-models (2.8) to be four, we choose the 
solution of Eq. (2.11) of the form: 
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CO s U/( ( , 


(2.1U) 


f = f° + f^^ utu* is the free limit of w and carries the four real 

1 J 

scalar degrees of freedom of the N=2 on-shell multiplet as mentioned 
earlier (Eq.(2.7)). The choice (2.lU) manifests itself through a consistency 
condition on the scalar potential P(X,n). Indeed, putting Eq.(2.lU) in 
Eq. (2.11) , one gets: 

+-^]cnr «“*• 




a) « = 

9 ? 


P f _ "3P QqJ Paj.OJp 


Using the fact that 3 ++2 f =0 and 3 ++ f = f ++ i 0, Eq.(2.15) reduces 


P = ■ 


In the limit of a free theory (A«0), the constant is shown to be 
equal to unity. Therefore, we have the following relation: 


p(f) . «c f = 1 


The equation (2.12) which is more difficult than the previous one, has a trivial 
solution for F~ = 0. However, since the study of the hypermult i pi et theory 
in terms of the Fayet-Sohnius (F-S) multiplet has shown that the bosonic part 
of the F-terms are proportional to the central charge eigenvalues [13] and 
knowing that the real HST hypermult iplet cannot have a central charge [16] , one 
may expect the solution of Eq.(2.12) to be F =0. We are not going 

to prove it and thus we shall keep F in the final form of the Lagrangian. 

The last equation (2.13) giving the auxiliary field is also a 

harmonic differential equation of second order depending on the scalar weight 
and its first and second derivatives P,u> and P,oju). The general form of 
the solution reads as: 
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( 2 . 20 ) 


fir; = T(f.’)9.f + s-(( .^4 
(^) 

y(f,X), 6 ( f ,X) and n (f,X) are functions to be determined. 

For simplicity, we shall use A~~ in the final form of the 
Lagrangian but keeping in mind that A~” may be completely expressed in 
terms of f and 0^f. 

Integrating with respect to 0 + and using the constraint equations 
(2.11)-(2.13 ) , the N=2 supersymmetric non-linear a-model may be expressed in 
terms of the component fields w, F and A~” as follows: 

1 + 4- PH CV") 

1 + a f |0) k ; + *. P ( wj 

L J J (2.21) 

Or equivalently in terms of the N-2 on shell degree of freedom f^ and 

f (iJ ). 

+[ p ,tt + ■^-( f .f) i ]r’' F '' F ''] <2 - 22 > 

Notice that switching off the interaction in Eq.(2.22): P ,w = 0, one recovers 
the free theory. Moreover, the term proportional to A~~ together with the 
free term give the metric of the N=2 non-linear o-models (2.8), This metric 
is related to the scalar weight P(fl,X) and should exhibit a hyperkahler 
structure [5] » [X] , [l8] • The last term, which is proportional to the F 
term, gives the scalar potential of the model. 

The next step is to perform the integration with respect to the 
harmonic variables. This depends however on the explicit form of the scalar 
weight P(X,fi) and the solutions of Eqs.(2.12) and (2,13). Nevertheless, 
one may easily see that the general form of the N=2 supersymmetric non-linear 
o-models (2.8), once the integrations with respect to both 0 +, s and the 
harmonic variables are performed, leads to: 
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(2.23) 


= A( ?)(?.£)* + 

+ xpvvf* ■ 

A(f) , B iJ (f) = Bj 1 (f) and C ^ - C Jilk = ^ are metric tensors which could 

be specified explicitly for a given P(X,ft) . 

Notice also that B^tf) is proportional to the coupling parameter 
X and in the limit of a free theory, one has l 

f\ = CcntX 

^ = 0 (2.2U) 

C^e = const • 

We shall discuss the interesting case of the Taub-Nut metric in more 
detail later on. For the time being, let us examine the generalization of 
these types of N=2 non-linear o-models to the case of more than one real 
HST hypermultiplet . The introduction of more than one HST hypermult iplet 
allows us to gain an extra symmetry which helps to solve the non-linear 
differential constraint equations type ( 2.1l)-( 2.13) . 

Consider a collection of HST hypermultiplet a « l,...,n 

transforming under an internal symmetry group representation, say the vector 
representation of S0(n). The N=2 non-linear o- model (2.8) may be 
generalized as follows: 

• < 2 -«» 

where P^U.fl) = P ba (X,I2) is a symmetric tensor of different 

components. Eq.(2.25) is the most general quantity preserving the SU(2) 
automorphism group rotating the two supersymmetries. The previous discussion 
can he easily extended to the model (2.25) and one is finally left with the 
following component field N=2 supersymmetric Lagrangian: 

C J • (2.26) 
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In the particular case of n=2, one has 3 scalar weights type 
P(X,ft) which can be put as a real weight P(X,ft) and a complex Q(X,ft). 
The model (2.5) reads therefore in the complex representations of 
ft = ft 1 + ift 2 as: 

If under global phase transformations the scalar weights P and Q 
transform as: 


P (Oi , e^sn , £ i0| riJ ' = 

QC> > . e^J - e^Q(2,n,7i) j ( 2 - 28 > 

the model (2.27) has a U(l) symmetry. 


The equation of motion of (2.27) reads as: 


X> ++, tn. . _ 0 

p v ; P L J 



QXi. 



(2.29) 


Similarly as in Sec. 2, Eq.(2.29) carries both dynamical and constraint 
equations. The analogue of the relation (2.11), which expresses the higher 
SU(2) auxiliary field representations of Eq.(2.3) in terms of the N=2 
on-shell degrees of freedom f 0 ,^^ and their conjugation, reads as: 

y j r & +i u) + 

-ife (<?,* =o (2 * 30) 

Eq. (2.30) is a non-linear differential equation of second order on the sphere 
S depending on both u> and to. Such an equation is difficult to solve in 
general. The difficulty is due to: 1) it is non-linear in 3 ++ to and 8 + u; 

2) The coefficients are non constant and finally it is non homogeneous since it 
depends both on to and io. To overcome these difficulties, one needs an 
extra symmetry. 

In the next section, we shall discuss the particular case of the 
Taub-Nut metric with a global U(l)xSU(2) symmetry. Before that let us 
give the component field form of the Lagrangian (2.7) J 
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+ Cj Q.f- rf + cs 94-0%, 

+ c? m 9 (23i) 

+ a/' ■ 

3. THE TAUB-NUT METRIC IN THE ft REPRESENTATION 

In this section, we study the case of the Taub-Nut model in the 
B representation. The Taub-Nut metric [7] has a U(2)=U(l)xSU(2) isometry 
group and it is shown to be hyperkahler. The N=2 supersymmetric non linear 
o -model (2.31) constrained by a global U(l) symmetry may describe the 
Taub-Nut metric in the 0 representation. Before deriving the appropriate 
Taub-Nut model and working out the corresponding metric as an illustrating 
example of Eq.(2.3l), we would like to note that a dual form of this model 
in terms of the Fayet-Sohnius hypermult iplet [19] (referred to as ♦ 
representation here below) has been discussed in Refs. [ ll] , [13] , [lU] . 

NOW, we come to derive the Taub-Nut model in the fi-representation. 

As mentioned earlier this model has a U(2) symmetry and can therefore be 
obtained by coupling a complex HST hypermultiplet to a U(l) auxiliary vector 

[X] = -2, a dimensionfull coupling parameter. 

The equations of motion of ft and V read as: 

(p = o 

V ++ = V" = ; .q A 

(d jxfi) 


(3.2) 

(3.3) 
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Putting Eq.(3.3) into (3.1), one gets a Lagrangian of the form (2.27), 
where P(A,ft,ft) and Q(A,fl,fi) are given by: 


ft S.n.Ii) = 


. JL 

ISISL 

-hiA-Cif!) 

a A* 


These relations satisfy the property (2.28) and lead to a U(l) 
invariant Lagrangian. 

Now we want to determine the metric tensors of the N-2 non-linear 
o-model (2.31) associated with the Taub-Nut metrics ( 3. *0 and (3.5). To that 
purpose we have to solve the constraint equation obtained by projecting out the 
auxiliary field equations from the relation (3.2) namely: 
r* _3L -ns. 


Tjtl 

(■d-t-tXan.) - 


L (4. + s,Xa?L) J 

Eq.(3.6) is a non-linear differential equation on the sphere S 2 
Notice however that this equation may be linearized by remarking that 


iy 4 v ++ 


= * 4 . A l = Q 

L C 4 J 


Therefore the quantity V (3.3) is Just the Noether current 
associated with the global U(l) symmetry (2.28). 

Moreover, since Eq.(3.6) involves a second order harmonic differential 
operator, one can introduce another auxiliary superfield (as Lagrange 
parameter) to render the constraint equation as first order harmonic differential 
equations easy to solve. Thus, the appropriate linearized action associated 
to Eq. ( 3.1 ) contains a complex auxiliary superfield V ++ and reads as: 


£ = jd*e*f 


JL JL 

V ++ tr H 'Xi _ ± \/*+v/*+ 
A/ V f 




[ 44 - La 

vfU] 

L 

J 1 

(3.8) J 


has now a c*d equal to 1. 


The above form of the Lagrangian depends linearly on the harmonic 
derivative and leads to coupled equations of motion 
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t> + m. + as n ++ ii + v~ 


= o 


(3.9) 


&+M++ -+■ ^ "A fJ ++ V ++ 
ti** = NTxt 

The solving of the second order differential equations (3.6) is then equivalent 
to solving two coupled linear differential equations (3-9) and (3.10). 

Similarly as for Eq.(3.7), Eqs.(3.9) and (3.10) are in fact linear 
and therefore solvable since we have: 

D ++ N ++ = o (3 - 12) 

This conservation law is also associated with the global U(l) symmetry of 
the Lagrangian (3.8) 

SV - ^ SI 

V ++ ’ = e** V ++ (3 ' 13) 

Furthermore, it is interesting to note the two following points: 

1) Making fl and V ++ real, the interacting part of Eq.(3.8) 
proportional to A vanishes and the theory becomes free. This feature may 
be seen also in Eqs. (3.U) and (3.5). 

2) The Lagrangian (3.8) has a dual form using the <fr + representation 
[15], [l6]. 

Denoting the bosonic component fields of the superfield V as. 
the kinematical parts of the superfields Eqs. (3.9) and (3.10) take the form: 

f Q++OJ + Si'h -O 

) * O (3.i5) 
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+ At,/\(ajr ++ + cuo-+^ f\" + + KJ, -o 

[ 9 ++ ^ - UQ/rt* +Ut(73v*\cor”) k M + - 0 (3 - l6) 

r ry+ f—^ ^ o-* + u, oF + jF" + _tuljJuJ + a. &($-&% ^ =0 

L^ + * ^ ■+ At^(ujtr* + + a) cr-HjH -+it^(ZoM _a)N jo- +f _4^^' cr +y +F''a r+ ^)o' H '=0 

f Q+ V V (% V + u)P +j Q“ + A^(aj^/_ *, mJ ^ + lafF-'r^Q-r+ju) . o 

[ 't t *N + lrt(s} Jtr+% a)W^ + ii2(n>^L0jjl<r^_2^ (>cr~ + Q~p s 0 > 

where . / 

2> = + fl;>**-7r;-ir^ ,s.i9) 

To evaluate the solutions of these equations, we take advantage of the 
U(l) symmetry (3.13) to choose the form of the solutions as: 


"If) = 

¥ «p(r ‘*0 

(3.20) 

v-(() = 


(3.21) 

11 

5 

8 7(fJ 

(3.22) 

II 

%(() «K- i9 0 

(3.23) 


etc. . . 


Putting Eqs (3.20)- 

(3.23) into Eqs. (3.15) and (3.16), one gets: 


'V+p = 

i 

A (of cr* + aJ If 

(3.2U) 

tf ++ = 

if.i p* u* ut 

(3.25) 
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(3.27) 


(3.28) 


fVe;- -*04 + a> + % ®o ( 3 . 26 ) 

+ A^f*” *0 (3.2T) 

and similar relations for EqB.(3.17) and (3.18). 

Integrating relation (3.8) with respect to 0* and 0* and using 
the constraint Eqs. (3.15) “(3. 18) one obtains the simple form 

iC = -i[(?^' + ^6;9f-|.Z,2)jcj ,««, 

To evaluate the above Lagrangian , It remains to determine the 
quantities B, and Z^. From Eq.(3.2M and (3.25), one obtains for B: 

Pit) = * (rr- rr) -> s 

= [r? d '-Ff <sl ^ e «^f i ' , ] u i u i> s - (3.29) 

where the extra piece S represents an SU(2) singlet quantity resulting 
from the integration process over the harmonic variables [13]. As examples, 

S may be chosen as 

S. M -1/a _ (3-30) 

K ~ I #1* + \ Vi f°i, (3 - 31 > 

or more generally any function depending Q n singlet quantities, such as (3.31)* 
respecting the c*d two. Notice that 0 consists of an SU(2) triplet 
quantity and the arbitrariness is carried by the singlet part. In what follows 
we choose the fixing condition (3. 30) or equivalently up to a phase 

transformation (3.13) S is equal to zero. 

The solution of ^ reads after some algebra in the following form: 


v, = -*04 -*2 H, 

h,- *r^r-?r] 


Or equivalently by writing 


-ih- 



(3.3*0 


= H; + H'^uiu- + 

= -i £ i(« E eij{^‘ s -[r?'-?r w ] 

+^.f*’4p“1r rf l] {3 . 35) 

[*Vl u i u ej + ^A U (i V* £ J> u <*% +f: J 

( 3. 3C 1 


Finally, the determination of Z^, which is the most tedious part. 


may be obtained as follows: 


Write Z as 
P 


■Z, = a; * K 


o*- z, - z;* = r* a.f. 


and Z is the SU(2) singlet part of Z : 
P p 


« pu 2 m =|ju^v / . + i^B;-_l,c) 
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Integrating Eq. (3.39), one obtains, using Eq.(3.29) 

% - 9.P + su <‘* singlet chosen zero, (3.*i 

and from Eqs. (3.26), (3.32) and (3.*t0) one gets after long calculations: 


7: =-iV|- i? ‘ 9 ' r+ ^ 9 ' f _ 

with 

r = 

Now, putting Eqs. (3.29 )-{ 3.^2) into the Lagrangian (3.28), one gets 
a quantity depending on f°, their conjugates and at most eight 

harmonic variables. The integration with respect to these variables gives 
the pure bosonic part of the N=2 supersymmetric Taub-Nut model whose metric 
tensors in the fi representation (2.31) are given by: 

fl(fl = *(*-»« 

(3.kk) J 

B(fl = 

. _2_ f « |f.r + f ?.*(*♦£»{?)?? .fnl'} 

+ «iif ( « ^i;(i +«#) *¥*(()* -ww?* ■ , 
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+ "3" ^nj+l^vnjj 

_ C^V)‘[^[ i ^ J r^^ + t?^*] 

- »|l.|‘[^- f. +iea|. |fj‘- f.f? 

-*nr] 

+ &.[* nr-. ai w. 

- s^^xxf* *£?* q f.r(4 -■**#+ c i> ??)] 


^Uwf’ 


-IT- 


- t [ q $* “?.*] ^(fc Sli “ To“? 

^T. ^jfc) f(jjj?(fcpj "i|^?(i8jT(je; 

4 r ^Un - C*«J) 
jfztz* ' +4^[7.W f lW*1ta + 

75 p 0 r*^ p o 0 C mm l P 

4 Mt«g t ( M £ 4 +4*fjt(fc^ Jt( 

4 IT [■£ (/• ftp 4 £ &j|») (?« -^(MJ 4 & ^Cftej) 

+ ^V?I^4fU 1 .Yf £. .£. ,+PL 1 


^MXiu<u)Lr] ! 
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and finally 



(3.**9) 
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In writing the formulas, we have used the notation 



i,rr 


r 



(3.50) 


M.un g f Q and real, one can check that Eqs. ( 3 . UU )-C 3 . W9) reduce to 

the free case as mentioned earlier. 


U. DISCUSSION AND CONCLUSION 

From the present study, we have learnt the following: given an N=2 
supersymmetric non-linear o-model type (2.8), (2.25) in terms of the 
super field B, one writes down the equations of motion and solves the 
constraint equations type (2.11)-(2.13) and (3.15M3.10). Plug V, the 
component field Lagrangian after which one integrates with respect to the 
harmonic variables and identifies the explicit hyperkahler metric. 

Moreover, through the study of Sec. 2, one learns also that the 
basic equation corresponds to that which expresses the higher SU(2) 

representation auxiliary fields of u in terms of the N=2 on-shell degrees 
of freedom. This constraint equation comes from the elimination of the 
"auxiliary field" A (_U) of c-d higher than 2 (Lagrange parameter) and leads 
to a relation between u> = u>(f) and the weights P al) (u>). The other auxiliary 
field equations relate the fields F~ and A~ to -(f). Indeed, using 
Eq. (2,19), the constraints Eqs. (2.12)-(2.13) may be written as expressions 
completely specified in terms of u»(f) and its derivatives namely: 



Furthermore, to work out an explicit hyperkahler metric, we have to 
specify the weights P^fl) and follow the procedure outlined earlier and 
write down the solutions 
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(a) 


OJ = UJ(|J 

F"=r F"( £) (b) (U.3) 

Pc; = (o) 

For the Taub-Nut case in the 1+3 parametrization, one has: 

“(fl = 

m « \ W-Tf * £ - f* ? ,j i *<5, 

etc . . * 

The solutions (Eqs.{4.3)) however, are not in general easy to find. 

This is because Eqs. ( 2.11)-(2.13) are non-linear differential equations on the 

p 

S sphere difficult to solve. Nevertheless, as long as hyperkahler metrics 
building is concerned, one may invert the previous reasoning by giving up an 
ad hoc solution u> * u>(f) for instance 

<*(?) = f(4 * 

ui'f = 4 , 

= Of > =0 <U ' 5) 

Bind try to solve the non-linear differential equations (U.l) and (^.2). 

The solutions of these equations are not obvious. But for particular choices 
of (U.3a), one might find solutions and obtain explicit hyperkahler metrics. 

In this procedure, one overpasses the major difficulty of solving the basic 
constraint equation type (2.11). 

To conclude, we have studied the N 5S 2 supersymmetric non-linear 
o-models in the HST representation. We have shown that a class of Un dimensional 
N=2 non-linear a-models are in general completely characterized by giving 
n(n+l)/2 Kahler like potentials. Four dimensional hyperkahler manifolds 
preserving the SU(2) symmetry are in particular specified by one Kahler 
like potential and therefore similar to the N*1 case. These models may be used 
to describe hyperkahler metrics with SU(2)xG isometry group. The 
SU(2)xS0(2)rfSU(2)xU(l) Taub-Nut metric is an example. Moreover, this 

construction recovers a wide class of hyperkahler metrics and in particular 
for four-dimensional manifolds one may build different types of explicit 
hyperkahler metrics by giving different solutions of Eq.(2,ll). This 
technique is then a powerful method of constructing hyperkahler metrics. 
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We have discussed in detail the Taub-Nut model as an illustrating 
example. We have given the procedure of constructing the action and showed 
how the constraint equations could be linearized. This method is expected 
to be applied for all hyperkahler models with SU(2)xG isometry group. 

The different steps of calculations and the final Taub-Nut metric in the HST 
representation are shown explicitly. Finally, we would like to note that 
it is interesting to find the duality transformations which transform 
the Taub-Nut metric in the 1+3 representation to that of 2+2 one [ll] . 
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